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Abstract regular polytopes generalize the classical concept of a regular polytope and regular
tessellation to more complicated combinatorial structures with a distinctive geometrical and topo-
logical flavour. In this paper the authors give an almost complete classification of the (universal)
locally toroidal regular 4-polytopes of Schlafli types {4, 4,3} and {4,4,4}.

1. Introduction

In recent years the classical theory of regular polytopes (cf. Coxeter [7]) has
been generalized in various directions. One such generalization is the concept of reg-
ular incidence-polytopes, which provides a suitable setting for combinatorial struc-
tures resembling the classical regular polytopes (cf. Danzer-Schulte [10]); see also
McMullen [13], Griinbaum [12], Dress [11], Tits [22] and Buekenhout [2].

In [12] Griinbaum suggested studying abstract regular polytopes whose faces and
vertex-figures are not necessarily of spherical type. He gave several examples and
posed the problem of classifying the finite universal (or, in his terminology, naturally
generated) abstract regular 4-polytopes {P1, P2} with spherical and/or toroidal 3-
faces P, and vertex-figures Py; see also Coxeter-Shephard [9], Weiss [23], [24], and
(18], [19]. In [16], [17] this “amalgamation” problem for P; and P9 was attacked
by means of so-called twisting operations on Coxeter groups and unitary reflexion
groups. This technique proved to be the right tool to obtain a complete classification
for many interesting classes of £; and Ps.

In this paper we study the classification problem for the abstract polytopes
{{4,4}5¢,{4,3}} and {{4,4}4;r, {4,4}s,t}. We give a complete classification in the
former case and an almost complete classification in the latter case. The only case we
have not been able to settle is {{4,4}s,0,{4,4}:,0} with s and ¢ distinct odd integers
(> 3). Excluding possibly existing finite polytopes of this exceptional type, up to
duality the only finite instances are those of Table 1.

In Section 5 we associate with each of the polytopes {{4,4}s¢,{4,3}} and
{{4,4}¢,r,{4,4}s,t} a regular tessellation # on the euclidean 2-sphere or in the eu-
clidean or hyperbolic plane, which in a sense cuts right through the polytope. Ex-
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cluding the exceptional case, the polytopes turn out to be finite if and only if # is
spherical. This gives a simple geometric explanation why most polytopes are infinite.

2. Incidence-polytopes

Following [10], a d-incidence-polytope P is a partially ordered set, with a strictly
monotone rank function dim (.) with range {—1,0,...,d}. The elements of rank i
are called the i-faces of P. The flags (maximal totally ordered subsets) of P all
contain exactly d + 2 faces, including the unique (least) (—1)-face F_; and the
unique (greatest) d-face F; of . Further defining properties for P are the strong
flag-connectedness as well as the homogeneity property that for any (i—1)-face F and
any (i+1)-face G with F' < G there are exactly two i-faces H of P with F < H < G.

If F and G are faces with F' < G, we call G/F := {H|F < H < G} a section
of P. There is little possibility of confusion if we identify a face F with the section
F/F_;. The faces of dimension 0,1 or d — 1 are also called vertices, edges and facets
of P, respectively. For a vertex F the section Fy/F is said to be the vertez-figure of
P at F.

A d-incidence-polytope 2 is regular if its automorphism group A(P) is transitive
on the flags. For a regular 2, its group A(P) is generated by involutions gy, . .., 04—1,
where g; is the unique automorphism which keeps all but the i-face of some base flag
of P fixed (1 =0,...,d—1). These distinguished generators of A(P) satisfy relations

ey (Qi@j)pij =1(,j=0,...,d~1),

where p; =1, p;j = pj; = piy1 if j =i+ 1, and p;; = 2 otherwise; here, the p;’s are
given by the (Schlafli-)type of P. The generators also have the intersection property:

(2) olieDn{gliey=(glieInd) iI,JcC{0,...,d—1}.

We call a group A with involutory generators gy, ..., g04—1 & C-group (C here
stands for Coxeter) if it has properties (1) and (2). The C-groups are precisely the
groups of regular incidence-polytopes (cf. [18]).

The regular 3-incidence-polytopes are (except for degenerate cases) precisely the
(reﬂexible) regular maps on surfaces (cf. [8]). The only spherical regular maps are
given by the Platonic solids {3,3}, {3,4}, {4,3}, {3,5} and {5,3}. On the torus
there are the three infinite series {4,4}s¢,{3,6}s: and {6,3}s:, with s =t > 1 or
t =0,s > 2; the maps {3,6};,1 and {6, 3}1 1 are 1nc1dence-polytopes but {4, 4}1 1is
not.

Recall that a Petrie-polygon of a regular map P is a zig-zag along the edges
such that any 2 but no 3 consecutive edges lie in a 2-face (cf. [8]). A 2-chain of P
is a path along edges which leaves, at each vertex, 2 2-faces to the right (cf. [4]).
The lengths of the Petrie-polygons and 2-chains of P are the orders of the elements
oo0102 and gpe10201 in A(P), respectively.

In this paper some incidence-polytopes are constructed by so-called twisting
operations on Coxeter groups W = {0y, . . . , ) which admit suitable automorphism
T permuting the (canonical) generators o;. If the 7's are themselves involutions, we
can augment W by their addition to construct a semi-direct product A of W by the
group B generated by the 7’s. In suitable cases A will be the group of a regular d-
incidence-polytope; then the intersection property (2) follows from the corresponding
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property for W {(cf. [1], Ch. 4, Section 1). A twisting operation s on W will usually
be denoted by

(00, -y OmiT0s -5 Tk) = (005- -5 0d—1)s
where 7y, . . ., 7, are the involutory generators of B and gy, . . ., g4 the distinguished
generators of the new group A.

We shall also use other types of (mixing) operations on groups W generated
by involutions ag,...,0m. Then we derive a new group A from W by taking as
generators gy, ..., 04—1 for A certain suitably chosen products of the generators o;
of W; then A is a subgroup of W. A typical example is the halving operation n which
applies to the group (g, 01, 09) of a regular map of type {4, ¢} with ¢ > 3; here, 5
is given by

1 : (09,01,02) = (090100, 02,01) =: (00, 01, 02)
(cf. [15], Section 4.3).

3. The type {4,4,3}

Following [12] we write L5z := {{4,4}s1,{4,3}}, with s =¢ >2o0rt =0, s >
> 2. In [12] and [9] the universal £3 o,£3 o and £ 5 were already recognized as finite
incidence-polytopes; see also [3]. In [17], Section 6, we proved that £2 0 and £3
are in fact the only finite instances among the universal £ ¢; for later use we briefly
sketch the construction below. In this section we complete the classification for the
type {4,4,3} by showing that £3 2 is the only finite instance among the incidence-
polytopes £, ;.

To construct &, o consider the Coxeter group W = (0y, ..., 04) with diagram

>
W

(Here and below, if a mark 8 = 2 occurs, we regard the corresponding branch as
missing). In (3) the symmetry of the diagram induces an automorphism 7 of W
permuting the o;. It was proved in [17] that the operation

(4) x: (005 ceey 045 T) - (00’ 7,03, 02) =: (90’ .oy 03)

gives the group A = (gy, ..., ¢3) of the universal £; . Hence £ ¢ is finite if and only
if W is finite, that is, s = 2 or s = 3. The groups of £3 g and £3 ¢ are isomorphic to
Dy x S4 and Sg x Co, respectively.
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The following remark gives an explanation why £2 o and £3 ¢ are finite but £, o
with s > 4 is not. If we explicitly construct £, g by stlckmg together 3 tori {4,4}50
around an edge and successively extending the arra.ngement by adding further tori, we
observe that for 8 < 3 the arrangement closes up locally. For example, in constructing
£5,0 we find that there is precisely one torus {4,4}3 o which surrounds the 3 tori like
a belt. This does not occur if s > 4. See also Section 5.

From £30 we can derive an easy example of non-existence of a universal
{#1,P2}. We shall show that the universal ? := {{4, 4}3.0,{4,3}3} does not ex-
ist, that is, the group collapses. Here, {4,4}3 denotes the 3 dimensional hemi-cube.
In fa.ct if P exists, then its group is obtamed from the group A{£30) = {gg,-..,03) =
Se % C'2 by introducing the extra relation

(e10203)° = 1.

Since Ag is the only non-trivial normal subgroup of Sg, this limits the choices of
corresponding normal subgroups N of A(£30) to the second factor in Sg x Cs.
In Sg the automorphism 7 = p; can be realized by inner conjugation with an
involutory element o(say); then in A(f39), N = (o10). But gio ¢ (01,02, 03),
so that taking the quotient by N does not lead to a collapse of the vertex-figures
{4 3} of £39. In fact, A(£30)/N is the group of another regular incidence-polytope
in the class ({4 4}3 0, {4, 3}) an “elliptic” quotient £3 /2 of £3 ¢; this polytope was
also discovered in [12].

For the construction of the universal £5, = {{4,4}s,,{4,3}} consider the
Coxeter group W = (ay,...,05) defined by

(5)

Here, 79 is induced by a half-turn, so that 79, 71 and 75 generate the dihedral group
Dg. The operation

(6) »: (003 -+ -3 05370,y 7—1,72) - (TOa 02,71, 72) = (QO’ vy 03)

gives us the group A = {gg,...,03) of a regular 4-incidence-polytope P of type
{4,4,3}. Since (g, 01, 02) is a semi-direct praduct of Dsx Dg by Cy x C3, the facets of
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2 are toroidal maps {4,4}s . Computing a presentation we find that A is abstractly

defined by the standard relations for the  Coxeter  group
1 2
11 and the extra relation

(7) (e00102)% = 1;

this extra relation follows from o109 = (030001)%. Since (7) defines {4,4}s s, this
proves that = £, 5.

The group of £5 ¢ is a semi-direct product of W by Dg, so that £ s is finite if
and only if s = 2. In particular, A(£g2) is the wreath product Cy'l Dg (with Dg
acting as usual), of order 768. We summarize the results in a theorem.

Theorem 1. The universal £5; := {{4,4}sy,{4,3}} exists for all pairs (s,t) with
s=t>2o0rt=0,s>2 The only finite instances are £2, £30 and £33, with
groups Dy x Sy, Sg x Cy and Cy'\ Dg, respectively.

For s = 3 we can construct an infinite family of finite regular 4-incidence-
polytopes Py in the class ({4,4}3 3, {4, 3}) by applying the operation (6) to the finite
unitary reflexion group W =[11 4P]® represented by a hexagonal diagram (with a
mark p inside to indicate one extra relation); see [5], [21] or [17]. Then, A(P1) is a
semi-direct product of [1 1 47)3 by Dg, of order 8640p°(p > 2).

For p > 3 let M, denote Coxeter’s map {4, p|4[7"/ 2]‘1}; then M3 = {4,3} (cf.
[4]). If p > 5 is odd and the operation (6) is generalized to 2p-gonal diagrams (with
01 = o9 replaced by g1 = 0,.-1), then the resulting regular 4-incidence-polytopes
belong to ({4,4}2,2,Mp). If s = 2, the group is Ca'LDgp (with Doy = (19,71, 72)
acting as usual), of order p2%P+1. In particular, {{4,4}22,4p} exists and is infinite.
For the dual map My of My some existence and finiteness theorems on universal
polytopes {¥', M7} were discussed in [16], [17].

4. The type {4,4,4}

The discussion for the type {4, 4,4} involves the three cases {{4,4}s 0, {4,4}+0},
{{4,4}s,5,{4,4}1,} and {{4,4}s,s,{4,4}:0}, of which only the last is completely
settled (see (d) below). For later use we recall some partial results.

(a) By [3], the universal {{4,4}30,{4,4}250} and {{4,4}20,{4,4}s,} are known
to exist and to be finite for all s > 1 and ¢ > 2, with groups of order 12852 and 64t2,
respectively (see (d)).

(b) For r > 2 and (s,t) # (2,0) the universal {{4,4}2,0,{4,4}st} exists,
by [16], Theorems 5 and 6 and their corollaries. The only finite instances are
{{4,4}4,0,{4,4}5,0} for s =2 or 3, with groups of order 512 and 36864, respectively.

(c) The universal {{4,4}2,0,{4,4}2c0}, {{4,4}2s2s»{4:4}2c2¢t} and
{{4,4} 25 25, {4,4}21,0} exist for all 5,2 > 1, by {20], Sections 6 and 7.2.
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(d) According to [17], Section 8.2, for s,t > 2 the universal {{4,4}50,{4,4}s:}
can be constructed from the diagram

(8

by the operation
(9) »: (00, ..,05;70,71) ~ (03,70,01,71) =: (0, - - -, 03).

Its group is a semi-direct product of the corresponding Coxeter group W by C3 x Cy.
The only finite instances are {{4,4}3,{4,4}2,2} and {{4,4}20, {4,4}1+} with t > 2,
with groups of order 2304 and 64£2, respectively; see also [3]. Note that the group of
{{4,4}2,0, {4,4}1,t} is a quotient of {{4,4}20,{4,4}2:,0}; by (a), the corresponding
normal subgroup has order 2 and thus consists of a central involution.

4.1. The case {{4,4}ss,{4,4}1}

Let P := {{4,4}s,,{4,4}++}. We begin by discussing the case where both s and
t are even.

Then, by (c), the existence of P is known. Also, by (d), we know the structure
of ¥ = {{4 4}50,{4,4}1t}. Clearly, AN') is a quotlent of A(P), so that N is
obtained from # by identifications. In fact, A(¥') is derived from A(P) by adding
to the relations of A(P) the extra relation

(10) (oo010201)° =1

which defines {4,4};9. This proves that # is infinite if ¥ is infinite. Hence, by
(d), # is infinite if s > 4; note that s is even. By interchanging the roles of s and
t we see that P can only be finite if s = ¢t = 2. But in {3] the self-dual universal
{{4,4}2,2, {4,4}2,2} was already recognized as a finite incidence-polytope with group
order 1024; for a description of the group see also Weiss (25] and (26]. This completes
the dlscussmn for even s and t.

Now, let at least one parameter, s (say), be odd. Again, let ¥ :=
{{4,4}s,0,{4,4}1,t} and AWN) = (7g,...,73), With 7p,...,73 the distinguished gen-
erators of A(X).

Consider the direct product 4 := A(N') x Cp, with C2 = (a) (say); for 7 €
€ AWX') we write 7 and Ta(= ar) instead of (,1) and (7, a), respectively. Then 4
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is generated by gg := 19, g1 := 71, 02 := T2, 03 := 73. To see this, observe that by
the structure of the facets of /" and the choice of s we have

(11) a = (romimam1)’a’® = (e0e10201)° € (00, 01, 02)-

From (11) we also deduce that (gg, ¢1,02) is the group of the map {4,4}ss; in
particular, {go, 01, 02) = (70,71, 72) X {).

Our considerations imply that A is in fact a C-group; that is, A has property (2).
The corresponding regular 4-incidence-polytope £ belongs to ({4,4}ss,{4,4}t,¢). In
particular this proves that the universal P = {{4,4}s s, {4,4}::} exists. As before,
2 is infinite if & is infinite. Hence, since s is odd, (d) implies that P is infinite if
(s,t) # (3,2). But by [3] the universal {{4,4}33, {4 4}2 2} is finite, with a group of
order 9216. Note that A = A(£) has index 2 in this group. We sum up the results
in a theorem.

Theorem 2. The universal incidence-polytopes {{4,4}s s, {4,4}s,t} exist for all 5,t >
> 2. Up to duality, the only finite instances are obtained for (s,t) = (2,2) and (3,2),
with groups of order 1024 and 9216, respectively.

4.2. The case {{4,4},0,{4,4}+0}
Let ? := {{4,4}s,0,{4,4}+,0}. We being by discussing the case s = 2 and ¢ odd,
which is not covered by (a).

We shall see that for odd ¢ the universal P = {{4,4}20, {4,4}¢,0} does not exist
because the group collapses. Assume to the contrary that P exists. Then P can be
obtained from the universal £ := {{4,4}3,0,{4,4}:t} by making identifications; let
00; - - - , 03 be the distinguished generators ‘of A(ZL). Since the identifications cause a
collapse of the vertex-figure of £ to {4,4}; ¢, the corresponding normal subgroup #°
of A(¥) must contain the element

o = (p1020302)".

Lett=2m+1,m2>1.
Now, using the construction (8) and (9) for £ we see that

a = (mo17101)™ ! = (0405)™04(0201) o301
Then, since s = 2, we have
03003 = (0405)"04(0201)"09(0379T103) = aogo3 € N.
so that ogog € N. But
7003 = (03)® = (0100)* € {00, 01, 02),

so that taking the quotient by N leads also to a collapse of the facets of &£. This
proves that # cannot exist. Note that {a, ogo3) itself is normal in A(L).

From now on let s,t > 3. The case where s or ¢ is even is settled by (b). Here
we can construct an infinite family of regular incidence-polytopes Pq(g > 2) in the
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class ({4,4}2m.0, {4,4}2r,0) from the Coxeter diagram

(12)

by applying the operation
(13) x:(00,...,0771,72) — (00,71, 72,03) =: (00, .- -, 03)-

The underlying graph of the diagram is an octagon together with its four main
diagonals marked m and n, respectively; the centre of the octagon is not a node.
The incidence-polytope P, is finite only if ¢ = 2.

The remaining case where s and ¢ are odd seems to be more difficult. We
shall see below how the case s = t is related to the construction of the universal
Ls0 = {{4,4}5,0,{4,3}}; see also Section 6 for a generalization of this construction.
So far we have not been able to decide the existence for the exceptional case of
distinct odd s and ¢t. The results of Section 5 seem to indicate that among these
possibly existing exceptional polytopes only {{4,4}30,{4,4}50} and its dual can be
finite.

The universal £ o was constructed in (3) and (4), with group A = (go, ..., 03).
We apply the operation

(14) (QO; veey 93) - (93) 020102, 00, Ql) = (‘PO, v )303)

for A; in the terminology of Section 2, this corresponds to applying the halving
operation to the vertex-figure of the dual of £ . Since s is odd, we can recover the
o;’s from the p;’s; in fact, using (4) we have

(15) { 02 = 03 = 03(0109)° = (030100)° = (03703700)°

= (p19392)° = (P3p192)°.
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As a consequence, @y, ..., @3 really generate A and (py,v2,¢3) is the group of the
map {4,4}s0.

Computmg a presentation of A in terms of ¢y,..., ¢3 from a presentation of A
in terms of gy, ..., p3 we find that A is abstractly deﬁned by the standard relations
for the Coxeter group ¢ 1 2 3 and the three extra relations

a1 1
(16) (pov19291)° = (P19029302)° = 1,
(17) (po(pap1p2)®)® = 1.

Here we use
P1p0 = 02010203 = 02(01020302)02,

v2019091 = goo201(020302)0102

= (0p020103)(02030102) = 0203(00010201)0302
and

vo(p3e192)® = 0309

The proof of the intersection property for A and its generators g, . . ., @3 is straight-
forward but very tedious, so that we omit it here; it uses the corresponding property
for the underlying Coxeter group (3).

Our considerations imply that A is the group of a regular 4-incidence-polytope
£ in ({4,4}s,0,{4,4}s,0). The construction shows that it can be thought of as some
kind of skew polytope related to £, ,0- The incidence-polytope & is finite only if s =
with group Sg x Cs. In particular this shows that the universal {{4,4}50,{4,4}s 0}
exists for all odd s and is infinite if s > 3. In (3] the universal {{4,4}3 ¢, {4 4}30} was
proved to be finite, with a group of order 1440. Comparison with our results shows
that £ = {{4,4}3,0,{4,4}3,0}, so that (17) can be omitted from the presentation.
For s > 3 the 1nc1dence—polytope &£.seems to be distinct from the universal. This is
indicated by the existence of 3-cycles in the graph (of all vertices and edges) of £. If

= (p3p192)° and Fy and F; are the vertex and edge in the base flag of £, then, by
(17), appa = poapg stabilizes the vertex wo(Fy) of F) and interchanges the vertices
Fy and aypg(Fy) of a(Fy), and ¢q stabilizes aipg(Fp) while interchanging the vertices
Fy and gg{Fp) of Fy; hence Fy, po(Fg), app(Fo) give a 3-cycle with edges Fy, o F1)
and poa(Fy).

Theorem 3. (a) For odd t > 3 the universal {{4,4}20,{4,4}t,0} does not exist.
(b) The umiversal {{4, 4}..3 0,{4,4}s0} exists for all odd s > 3. The only finite
instance is {{4,4}30,{4, 4}3 o}, with group Sg x Cs.

5. Regular tessellations in polytopes

In this section we shall associate with the polytopes {{4 4}54,{4,3}} and
{{4,4}¢,r,{4,4}s} a regular tessellation # on the 2-sphere or in the euclidean or
hyperbolic. plane. In a sense which we make precise below, # cuts right through
the polytope. It is remarkable that the polytopes become finite if and only if # is
spherical. It is worth pointing out that our considerations below will not imply the
existence of the polytopes; in this respect we need to refer to earlier sections. We
begin by discussing the type {4,4,4}.
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5.1. The type {4,4,4}

Let # be a regular 4-incidence-polytope of type {p,q,7}, whose facets have
2-chains of lengths k and whose vertex-figures have Petrie-polygons of lengths m.
Again, let its group be A(P) = (gy,. .., 03). Then the operation

(18) (0, - --,03) — (00, 010201, 030203) = (Y0, ¥1,%2)

gives a subgroup (19, %1, ¢2) of A(P) which is the group of a regular map # = H(P)
of type {k,m} or {k,m/2} if m is odd or even, respectively. In fact,

oY1 = goo10201
and

V192 = 210201030203 = (010203)%.

Let Fp, ..., F3 be the (proper) faces in the base flag of . The map # can be
constructed from P by Wythoff’s construction with initial vertex Fy (cf. (7], [14]).
Then the base flag of ¥ is given by Gy = Fy, G1 = F] and the 2-chain

Ga = {(eo010201) (FO)|j = 0,...,k~ 1}

of the 3-face F3 of $. The map itself is given by the transforms of the G;’s by the
group A(#). The neighbouring vertices of F in # are

(¥192) (Yo (Fo)) = (e10203)% (00(Fo)),

forj=1,...,morj=1,...,m/2if mis odd or even, respectively; that is, as we go
around Fj in # we pick any other vertex from a Petrie-polygon of the vertex-figure
of P at Fy, eventually all the vertices of the Petrie-polygon if m is odd. If we span
topological discs into the 2-faces of #, we can think of ¥ as a surface which (in a
sense) cuts right through 2.

If  is of type {p,4,4}, then go commutes with vy, 1; and 1, so that ¥ is
invariant under pg. Hence, in some sense we can think of # as lying on the reflexion
wall of gg.

Now let P = {{4,4},0,{4,4}+¢t}. Then k = s and m = 2t, so that #(P) is of
type {s,t}. We shall show that (%) is the tessellation {s,t} on the 2-sphere or the
euclidean or hyperbolic plane. In fact, in the notation of (8) and (9) we have

(19) (Y0, %1, %2) = (03, 700170, T10171) = (03, 04,05).

But these are precisely the generators of the Coxeter group which defines the tessel-
lation {s,t}.

Similarly we can find the map #(#*) which is related to the dual #* =
{{4,4}1,,{4,4}s0} of P. Then, by (8) and (9) the generators of its group are given
by

(20) (Y0, %1, %2) = (11,017901,037903) = (71, 7904071, To0003).
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To see that these generators define the regular tessellation {2s,t} observe that 1
acts as an automorphism on, the subgroup U of (i, %1, 12} with diagram

709194

(21) ~—1—Tl ¢ 109003

700205

The group U is really the Coxeter group with diagram (21), since this is true for the
group (0104,0905,0003). But adjoining 71 to this Coxeter group gives the group of
{2t, s}, so that (1g, 1, ¥2) must coincide with this group.

For P = {{4,4}s,s,{4,4}t4} there is a homomorphism of its group onto the
group of {{4,4}s,s,{4,4}:0} which maps corresponding generators onto each other.
Hence, the two correspondmg maps # are similarly related. Since the map for 2 is
again of type {2s,t}, it must also be the tessellation {2s,t}.

Now, let P = {{4,4},,0,{4,4}t,0}, with s = 2n even and ¢t arbitrary. Since the
map {4,4}nn has 9-chains of length 2n, there is a homomorphism of A(P) onto
the group of £ = {{4,4}nn,{4,4}+0}. This in turn induces a homomorphism of

A(H(P)) onto A(H(£)). Since H (£) is a tessellation {2n,t} = {s,t} and X(P) is of
the same type, #(%#) must coincide with {s,t}.

Finally, let # = {{4,4},0,{4,4}50}, with s odd. Let £ denote the regular
1n01dence-polytope in ({4, 4}_,0,{4 4}3 o) whose group A(f) = (po,...,p3) was
constructed in (14). Then, in the notation of (14), (3) and (4), the generators of
the group of #(£) are given by

(%0, 91, ¥2) = (po, P1P291, P3P203) = (02,030403,04).
Since s is odd, 630403 and o4 generate {03, 04), so that

(Yo, Y1, v¥2) = (02,03,04).

Then it follows immediately that (g, 41, 12) is the group of a tessellation {s, s}; one
way to see this is to apply Wythoff’s cogstruction suitably to the tessellation {3, s}
which is defined by (o9, 03,04). Hence, H(£) = {s,8}. Since #(P) is of the same
type {s, s}, we also have #(P) = {s, s}.

Our next theorem gives a simple criterion for the finiteness of the known universal
incidence-polytopes of type {4,4,4}. So far we proved that -

{2s,t} if P ={{4,4}s,s,{4,4}10} or
(22)  H(P)= { {{4,4) 5.0, {4, 4}12}, 5,6 > 2
{s,t} P ={{4, 4}3 0, {4, 4}, 0}, 8 even or s =t odd.



214 P. McMULLEN, E. SCHULTE

Clearly, if P is finite, then #(%P) is spherical; this proves necessity of the theorem.
The sufficiency follows from the classification in the earlier sections. Recall for (c)
that {{4,4}2,0,{4,4}+,0} does not exist if ¢ is odd.

Theorem 4. The following is a necessary and sufficient condition for the universal P
to be finite.

(a) 1/2s+ 1/t > 1/2if P = {{4,4}s,5,{4,4}1,0};
(b) 1/2s+ 1/t >1/2 and 1/s+1/2t > 1/2 if P = {{4,4}ss, {4, 4}1,};
(c) 1/s+1/t > 1/2if P = {{4,4}50,{4,4}+,0} with s even or s =t odd.

Note that for (a) the map for the dual {{4,4};0,{4,4}s,s} is not {¢,2s} but
{t,s}. Hence, for the infinite # = {{4,4}33,{4, 4}3 o} the map #(P) = {6,3} is
infinite while #(P*) = {3, 3} is still finite.

Let us comment on the exceptional type Ps := {{4,4},0,{4,4}+,0} with s,
odd and distinct. If we assume existence of Py ¢, it seems hkely that the assomated
map # is the tessellation {s,t}. Hence, P, could be finite only if (s,t) = (3,5) or
(5 3). Our above example shows that the map # can be finite even if the polytope
is not. However, we believe that the following conjecture is true.

Conjecture: For odd distinct s and ¢ the universal P;; exists. The only finite
instances are P35 and its dual P53 (with probably a large group).

5.2. The type {4, 4,3}

Similarly we can proceed with the regular incidence-polytopes £
{{4,4}s¢, {4,3}} and their duals.

For the dual £7 of £, we can use the construction in (3) and (4) to find the
generators for A(¥(£7 ),

(%0, ¥1,v2) = (02,03703,00700) = (02,01037,70004).

Since (09,0103, 0004) is a Coxeter group with diagram — , this must
also be true for (i, v1,v2). Hence, # (.‘C o) is the tessellation {4, s} Note that for

£, itself the map # is of type {s,3}.

By similar arguments to those in Section 5.1, A(-f;,o) is a quotient of A(£% ),
and so is A(H (£} ) or A(H(L5,)). Since H(L5 ;) is of type {4, 8}, this proves that
KLy ,s) = {4,s}.

For £, 5 itself the map is of type {23,3}. We can use (5) and (6) to find the
generators,

(Y0, %1, ¥2) = (70, 0271102, T2T1T2) = (T0, 020471, T2T1T2)-
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To see that #(£, 5) = {2s,3} observe that in (19, 91, %2) the generator 1y = 1 acts
as an automorphism on the subgroup illustrated by the diagram

020471
q
3
T 8 27172
(23)
3
L
050171

This subgroup is really a Coxeter group; this can be checked by studying the “rotation
subgroup” generated by the pairwise prodacts of the generators.

Theorem 5. The following is a necessary and sufficient condition for the universal
Lot ={{4,4}s1,{4,3}} to be finite.

(a) 1/4+1/s>1/2 for £, p;

(b) 1/28+1/3>1/2 for £ 5.

The necessity of the conditions follows from the above considerations. The
sufficiency uses the classification in Section 3.

Note that besides (18) there are other ways of relating regular maps to the
polytopes. While (18) uses the “reflexion hyperplane” of g3 to define the maps (at
least for the types {p,4,4}), the following operation relates in a similar way to p3:

(24) (€0, .--,03) — (00, 01, 020302) = (a0, 1, x2).
For example, for £3 ; this gives the tessellation {3, s} for ¢ = 0 or {3,2s} for s =¢.

6. Relations among the polytopes of type {3,4,4} and {4,4, 4}
In this section we investigate relations among the regular polytopes of type

{3,4,4} and {4,4,4}. A key role is played by the halving operation 7 described in
Section 2. In particular, we make use of

{4,4}nn if Ml = {4, 4}211,0’" > 2
(24) MT =< {4,4},0=M ifl = {4,4}50,5 0dd, s> 3;
{4, 4}3’0 lfvu = {4, 4}3,3, 8 2 2

(cf. [15], Section 4.3); here, A" is the transform of 4L under 7.
Consider the 3-dimensional hyperbolic tessellations {3,4,4} and {4,4,4} (cf.
Coxeter [6], p. 199). By simplex dissection, we know that the group [4,4,4] of
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{4,4,4} is a subgroup of index 3 in the subgroup {3,4,4} of {3,4,4}. Indeed, if
[3,4,4] = (g, ..., a3), then [4,4,4]) = (By,...,03) is given by
(a0a ce ’a3) - (010’ 010201,03,02) = (ﬂOv oo 5ﬁ3)'
The geometric relationship is as follows. The facets of {3,4,4} are octahedra with
their vertices on the absolute, and the vertex-figures are horospheric tessellations
{4,4}. The facets of the derived {4,4,4} are vertex-figures of {3,4,4}; note for this
that
Bi = aqapair1opy  (i=0,1,2).

The vertex-figure of {4,4,4}, on the other hand, is obtained by halving the vertex-
figure of {3,4,4}.

The following theorem generalizes the correspondence of {3,4,4} and {4, 4,4} to
regular incidence-polytopes of these types.
Theorem 6. Let Ml = {4,4}; withs > 4 even, or Ml = {4,4}, s withs > 2. Let P be
the universal {{3,4},L}, with group ) A(P) = {e0,---,03)- Consider the subgroups
U:= (‘va a§03> with

(25) Y0 =00, ¥1=010201, Y2=03, ¥3="02.
Then U is of index 3 in A(P), and is the group of the universal {Ml,M"}. In
particular, they are either both finite or both infinite.

Note that we excluded the case of {4,4}s0 with s odd; this-case was discussed
in Section 4.2. By (24), for all other cases we have L7 # M. The only finite example
covered by the theorem is obtained for Ml = {4,4}9 2; then M7 = {4,4}9.

Proof of the Theorem. By our considerations on {3, 4,4} and {4, 4,4}, the subgroup
U of A(P) has index 1 or 3 in A(P). Modulo the intersection property (2), U gives
an‘incidence-polytope £ in {(#,.M™); in fact, as above,

(26) @i = e1000i+10001 (¢=0,1,2),

so that (@g, 1, p2) is the group of a vertex-figure of P while (1, 93, v3) is obtained
by halving the vertex-figures of . Our considerations below show that £ = {M, 47}
(in particular, U has property (2)), |A(P) : U| = 3 and g1 ¢ (¥0,...,¥3); note that
{M, M} exists, by the results of Section 4.

We next show how to reverse the process. Let {ypg,...,3) be the group of
{M,M"}. We now reintroduce g;. We adjoin an element 7 to {gq, ..., ¥3), with the
properties

(27) =1, te3r=¢1, TEaT=9y, (rp)’=1
For the resulting group A define the generators g; by

(QOa ceey 93) = (‘pO, T, P35 ‘P?)'
It is easy to check that {gy,...,03) is a quotient of the group of P = {{3,4},4L}, if

we observe that

(28) poTpiTeo = gi+1 (1=0,1,2).

Here we can definitely check that {pp,...,»3) has index 3 in {go, ..., 03). Indeed, if
we write v := ggo1 = @oT, we see that

oY = 71200, P17 = TP0P100, YT =TP2,  PIY = TPL-
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It follows that 1,4, y2 are the three coset representatives. Note that the same process
works equally well for a quotient of the group of {#{,#"}, especially for U.

Now, putting the two parts together, we see that £ = {4,M"} and |A(P) : U| =
3; the element T corresponds to g;. Then the theorem follows.

We conclude by considering another connexion between polytopes of type {3,4,4}
and {4,4,4}. Let (gg, ..., 03) be the group of a polytope P in ({4,4}; ¢,4), with 4
a map of type {4,4}. Consider the same operation

(29) s: (00, ---,03) — (00, 010201, 03, 02) =: (0, - - -, ¥3).

Then, modulo the intersection property (2) we end up with a polytope P* of type
{s, 4,4} with vertex-figures isomorphic to 4".
The most interesting cases seem to be those with s = 3. Here we have

{{4, 4}3,0’ {4’ 4}3,0} _1’{{3) 4}’ {4a 4}3,0};
(30) %8 {{4,4}30,{4,4}2.2} 3{{3.4}, {4, 4}20}:
{{4,4}30, {4, 4300} 3{{3,4}, {4, 4)2.2).

The number attached to the arrow is the index of the new group in the old.
Generally, if s > 3 and M = {4,4}:0 with ¢ odd, then 47 = M, and the
same argument as was used in Section 4.2 in showing that {{3,4},{4,4}30} and

{{4,4}3,0,{4,4}30} have the same group works here. Namely, since (0102)? =
(0201)%, we have

(p3p192)" = (0201020103)"
= [(e201020301)(0102010203))[(0201020301) - - - -

= (02010203)'01 = 1.

Hence, A(P) = A(P*).

Exactly as in the proof of Theorem 6 we can recover a quotient of the group of
{{4,4}3,0,4L} from the group of {{3,4},.447} by adjoing a suitable element 7. Thus
one universal group is indeed a subgroup of the other. That completes the proof of
(30).

The other finite universal example with 8 > 3 is

1
o {{4,4}40, {4, 4}3,0} = {{4,4}40, {4, 4}30}-

Here, P = %,

Finally, if (29) is applied to polytopes P in ({4,4}50, {4,3}) or ({4,4},5, {4,3}),
then we get types {s, 3,3} or {2s,3,3}, respectively. In particular,

12
_ { {{4,4)30,{4,31} 3(3,3,3}

: 4

{{4,4}2,2, {4,3}} ={4,3,3}/2.

Here, the first correspondence is obvious. To check the second we use the construction
of £3 9 in (5) and (6). In fact, in the notation used there, we have

{©0s- -, 93) = (10,020471, T2, T1) = (0204, T, T1, T2);
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the latter is isomorphic to a semi-direct product of Cg by Dg, with each factor Cy
corresponding to one of the 6 short diagonals of a hexagon (equivalent under Dg to
the diagonal with endpoints 2 and 4).

Table 1

(The finite universal regular polytopes of type {4,4,3} and {4, 4,4}, excluding the exceptional case)

Some entries in the last column are taken from [26].

number of | number of | group
polytope vertices | facets order |group
{{4,4)20,{4,3}} 4 6 192 [Dyx Sy
{{4,4}3,0,{4,3}} 30 20 | 1440 |Sg x Co
{{4,4}22,{4,3}} 16 12 768 | C2\Dg
{{4,4}2,0, {4,4}1} 4 2t2 | 64t? |(Dy x Dy x Cq x Cs)
(t>2) x(C2 x Ca)
{{4,4}2,0, {4,4}25,0} 4 4s? (128s% |CPx[4,4]a0ifs=1;
(s>1) (Ds x Ds)x[4,4]20 if s > 2
{{4,4}3,0, {4,4}30} 20 20 | 1440 |Sg x Cp
{{4,4}30,{4,4}4,0} 288 512 | 36864 |C2L[4,4]30
{{4,4}3,0,{4,4}2,2} 36 32 | 2304 |(Sy4x Sg)x(Cy x Cy)
{{4,4}2,2,{4,4}22} 16 16 | 1024 |C4x[4,4]22
{{4,4}2.2,{4,4}3 3} 64 | 144 | 9216 |CHx[4,4]33

References

{1
(2]
(3
{4
(5)

6l

N. BOURBAKIL: Groupes et algebres de Lie, Ch. 46, Actu. Sci. Ind., Hermann, Paris,
1968.

F. BUEKENHOUT: Diagrams for geometries and groups, J. Comb. Theory A 27 (1979),
121-151.

C. J. CoLBOURN; and A. I. WEISs: A census of regular 3-polystroma arising from
honeycombs, Discrete Mathematics 50 (1984), 29-36.

H. S. M. CoxeETER: Regular skew polyhedra in 3 and 4 dimensions and their topological
analogues, Proc. London Math. Soc. (2) 43 (1937), 33-62. (reprinted in [6])

H. S. M. COXETER: Groups generated by unitary reflections of period two, Canadian
J. Math. 9 (1957), 243-272.

H. S. M. CoxETER: Tuwelve geometric essays, Southern Illinois University Press,
Carbondale, (1968), 199-214.



(71
(8]

[9]

[10]

(111

N2l

(13
(14]

H
H

H

L.

REGULAR POLYTOPES OF TYPE {4, 4,3} AND {4,4,4} 219

. S. M. CoxeTER: Regular polytopes, 3rd edition, Dover, New York, (1973).

. S. M. CoxeTeER, and W. O. J. MOSER: Generators and relations for discrete

groups, 4th edition, Springer, Berlin, (1980)

. 5. M. COXETER, and G. C. SHEPHARD: Regular 3-complexes with toroidal cells,
J. Comb. Theory B 22 (1977), 131-138.

DANZER, and E. SCHULTE: Regulire Inzidenzkomplexe I, Geometriae Dedicata 13
(1982}, 295-308.

. W. M. Dress: Regular polytopes and equivariant tessellations from a combinatorial
point of view, Algebraic Topology (Gdttingen 1984 ), Lecture Notes in Mathematics
1172, Springer, (1985), 56-72.

. GRUNBAUM: Regularity of graphs, complexes and designs, in: Problémes combina-
‘tories et théorie des graphes, Coll. Int. CNRS No.260, Orsay, 1977, 191--197.

P. McMULLEN: Combinatorially regular polytopes, Mathematika 14 (1967), 142-150.

P. MCMULLEN: Realizations of regular polytopes, Aequationes Math. 37 (1989), 38-56.

(151 P

[16]

(17]

(18] E
[19] E

[20]

(211

[22]

(23]

(241

{25]

G

[}

A

A

A

. MCMULLEN, and E. SCHULTE: Constructions of regular polytopes, J. Comb. The-

ory, A 53 (1990) 1-28.

. McCMULLEN, and E. SCHULTE: Regular polytopes from twisted Coxeter groups,

Mathematische Zeitschrift 201 (1989), 209-226.

. MCMULLEN, and E. SCHULTE: Regular polytopes from twisted Coxeter groups and

unitary reflexion groups, Advances in Mathematics 82 (1990) 35-87.

. SCHULTE: Regulire Inzidenzkomplexe II. Geometriae Dedicata 14 (1983), 33-56.

. SCHULTE: Regular incidence-polytopes with Euclidean or toroidal faces and vertex-
figures, J. Comb. Theory A 40 (1985), 305-330.

. SCHULTE: Amalgamations of regular incidence-polytopes, Proc. London Math. Soc.

(3) 56 (1988), 303-328.

. C. SHEPHARD, and J. A. TopbD: Finite unitary reflection groups, Canadian J.
Math. 6 (1954), 274-304.

. Trrs: A local approach to buildings, in: The geometric vein (The Coxeter-Fest-

schrift), edit. by Ch. Davis, B. Griinbaum and F. A. Sherk, Springer, Berlin, 1981,
519-547.

. I. Weiss: Incidence-polytopes of type {6,3,3}, Geometriae Dedicata 20 (1986),
147-155.

. I. WEIss: Incidence-polytopes with toroidal cells, Discrete Computational Geometry
4 (1989), 55-73.

. I. WEiss: Some infinite families of finite incidence-polytopes, J. Combinatorial
Theory A 55 (1990), 60-73.



220 P. McMULLEN, E. SCHULTE : REGULAR POLYTOPES OF TYPE {4,4,3} AND {4,4,4}

Added in proof:

(26] P. MCMULLEN, and E. SCHULTE: Twisted groups and locally toroidal regular poly-

topes, in preparation.

P. McMullen

University College London
Department of Mathematics
London WCIE 6BT
England

E. Schulte

MILIT

Department of Mathematics
Cambridge, MA 02139
U.S.A.

Present address:

Northeastern University
Department of Mathematics
Boston, MA 02115,

U.S.A.
schulte@northeastern.edu



